We investigate theoretically the optical tristability of transmission at a pair of parallel graphene layers system. We discuss the influence of the graphene sheets on the hysteretic response of the TE-polarized transmitted light. It is demonstrated that the optical tristability in this configuration can be realized due to the giant third-order nonlinear conductivity of graphene and appropriate structure parameters. The tristable behavior of the transmitted light can be controlled via suitably varying the Fermi energy of the graphene. Besides, the optical tristable behavior is strongly dependent on the relaxation time of the graphene and the dispersion characteristics of the surrounding dielectrics. Moreover, the threshold of the optical tristability can be reduced by appropriately increasing the number of graphene layers, making this simple structure a good candidate for dynamic tunable and low threshold optical tristable device in the terahertz (THz) frequencies.
Introduction
Optical bistability and multistability devices are widely used in the areas of optoelectronics such as optical memory, optical transistor, all-optical logic gate, and all-optical switching due to their ability of harnessing optical nonlinear characteristics [1] [2] [3] [4] . The generation and control means of optical multistability, especially related optical multistable device play a key role in optical communication system and optical network. In particular, the key to solving transmission and processing of information is micro/nano-optical multistable devices integrated to chip size. Therefore, people proposed various ways and methods to realize the generation and control of optical bistability such as Fabry-Perot cavities [5] , nonlinear prism coupler [6] , subwavelength metallic gratings [7] , and semiconductor quantum well systems [8] . The phenomenon of optical multistability of four-level cascade-type cold atoms [9] , semiconductor quantum well nanostructure [10] , and polaritonic materials doped with nanoparticles [11] have also raised heated research. However, producing obvious optical nonlinearities effect requires high incident power owing to low nonlinear refractive index of traditional nonlinear materials; thus optical bistable device with longer size and larger incident light intensity is required to generate optical nonlinearities effect. Thus the lack of competitive advantage in high-density integrated optical circuits and its applications are limited by these requirements. Optical multistability in new materials and novel structure has become the main research direction in the field of optical multistability.
Recently, graphene, a two-dimensional atomic crystal material, has attached much attention in the areas of optical, material science, and physics owing to its various outstanding characteristics [12] [13] [14] . The partial characteristic of graphene can give full play to its advantage in the field of optical multistability. For instance, strong nonlinear optical absorption coefficient of graphene [15] , fast modulation speed [16] , broadband [17] , the strong interaction between light and graphene [18] , and the optical property are easy to control dynamically [19] . Graphene has great potential in the field of optical multistability due to these advantages. Graphene-based [23] .
In this paper, we have theoretically investigated the optical tristability with low threshold by constructing a simple double layer graphene structure. The optical tristability mainly originates from the huge third-order nonlinear coefficient of graphene and the suitable structural parameters. The conductivity of graphene can be tuned dynamically by external electric field. Graphene-based optical devices with intrinsic optical tristability allow us to explore the promise of using such elements as the building block of future integrated optics and digital all-optical circuitry.
Theoretical Model and Method
We consider a structure composed of dielectric slab (with thickness and refractive index ) and graphene; both sides of dielectric slab are covered by monolayer graphene, as shown in Figure 1 , where direction is perpendicular to the plane of the monolayer graphene and a plane wave of amplitude is normally incident on the structure, giving rise to a reflected and a transmitted wave with amplitudes and . We assumed incident wavelength = 300 m and dielectric slab is silicon with refractive index n = 11.9 in THz frequency range; the thickness of dielectric slab satisfies = /(4 ). A plane wave of amplitude is normally incident on the structure. The linear conductivity of graphene in THz range can be expressed as [24] 
where is the Fermi energy of graphene, is the relaxation time, and is the frequency. and ℏ are the universal constants related to the electron charge and reduced Planck's constant, respectively. From formula (1), we can see that the conductivity of graphene can be used to describe its optical properties. It is noteworthy that graphene third-order nonlinear conductivity is not negligible when the intensity is enough to a certain extent, and the third-order conductivity of graphene in THz band can be described as [25, 26] 
where V = 10 6 m/s is the Fermi velocity of electrons. In the presence of the nonlinearity, the optical conductivity of graphene = 0 + 3 | | 2 and E is the tangential electric field of the electromagnetic wave at the interface.
Next, we use the modified transmission matrix to calculate the transmittance of the structure to get the relation of and [27] . In this paper, we suppose that incident electromagnetic wave is TE-polarized. Therefore, the transmission matrix on adjacent dielectric surfaces can be expressed as
in this equation, = 2 / 1 , = 0 / 1 , where 1 and 2 represent the components of wave vectors 1 and 2 in the transmission direction of electromagnetic wave, respectively. Combining with the propagation matrix of dielectric slab, we can get the transmission coefficient of the structure. Besides, the relation between and can be described as
where represents the component of wave vectors in the transmission direction of electromagnetic wave in dielectric slab.
Results and Discussions
In this section, we will discuss the phenomenon of optical tristability caused by the nonlinear graphene in the structure.
Advances in Condensed Matter Physics Based on the method of transfer matrix above, the characteristics of transmission of the structure can be obtained; thus the relation of incident electric field E i to transmitted electric field E can be conveniently presented, as shown in Figure 2 (a). We set the relaxation time of graphene as = 1.25 ps; the phenomenon of optical bistability and optical multistability are strongly dependent on the third-order or multiorder nonlinear coefficients; thus the huge thirdorder nonlinear conductivity of graphene is a very important factor for realizing optical tristability in the structure. When the graphene does not exist, the tristable curve cannot be achieved under some conditions. However, the addition of graphene makes a big difference and the hysteresis of optical tristability can be clearly produced. Due to the huge third-order nonlinear conductivity of graphene, multivalued phenomenon between incident electric field and transmitted electric field can be satisfied. Here we take = 0.90 eV as an example; the transmitted electric field gradually increase with the increase of when the incident electric field is at a small value; this is the first stable state. However, the transmitted electric field switches to the second stable state when is continuously enhanced to | | 1up = 7.03 × 10 6 V/m; at the moment, reducing the incident electric field , the transmitted electric field will not immediately return to the first stable state but will decrease slowly in the second stable state; the second stable state will jump to the first stable state until the incident electric field drops to | | 1down = 6.55 × 10 6 V/m, and hysteresis width satisfies Δ| | = | | 1up − | | 1down = 0.48 × 10 6 V/m. If the incident electric field continuously increase in the second stable state, the transmitted electric field will continue to increase slowly and synchronously; the transmitted stable state will jump from the second stable state to the third stable state until continues to be enhanced to | | 2up = 12.03 × 10 6 V/m. After entering the third stable state, if we reduce , will jump from the third stable state to the second stable state when | | 2down = 11.44 × 10 6 V/m, and the hysteresis width satisfies Δ| | = | | 2up − | | 2down = 0.59 × 10 6 V/m. This is a very typical phenomenon of optical tristability and the nonlinear property of graphene plays a key role in the typical phenomenon. More importantly, the electrically tunable conductivity of graphene also provides flexible and tunable properties for optical tristability. At the moment, we plotted the hysteresis of the structure at different Fermi energies, as shown in Figure 3(a) . We can see that the threshold of two stable states was significantly reduced with the gradually decrease of the graphene Fermi energies from 0.96 eV to 0.92 eV. In order to more clearly illustrate the phenomenon, the effect of Fermi energy changes on the threshold and hysteresis width is listed in detail; with the decrease of Fermi energy of graphene, we can clearly see that the threshold of tristability obviously decreases and the 4 Advances in Condensed Matter Physics hysteresis width between the first stable state and the second stable state will gradually decrease; when Fermi energy is reduced to 0.825 eV, the hysteresis width will be zero and the tristability will switch to bistability, as shown in Figure 3(b) . However, the hysteresis width between the second stable state and the third stable state is hardly changing with the change of Fermi energy. Therefore, Fermi energy can not only manipulate the threshold of tristability but also affect the hysteresis width. It also provides a feasible idea for realizing flexible and tunable optical bistable and tristable device.
According to formulas (1) and (2), it is found that the relaxation time of graphene is also an important parameter affecting the conductivity of graphene, although it only affects the linear part of the conductivity of the graphene, that is, the real part of conductivity of graphene. It also provides a method for manipulating the characteristic of optical tristability. We presented the influence of changes of the relaxation time of graphene on optical tristability; as shown in Figure 3 , it can be seen that the relaxation time of graphene plays a key role in the multivalued phenomenon of transmitted electric field. When the relaxation time = 1.25 ps, because the discriminant of the incident electric field deviating from the transmitted electric field satisfies Δ > 0, there is an obvious multivalue phenomenon near the incident electric field | | = 8 × 10 6 V/m and | | = 13 × 10 6 V/m; a similar situation also appears in the curve of the transmittance changes with the incident electric field, as shown in Figure 3(b) . However, when the relaxation time gradually decreases, Δ > 0 in the discriminant where the incident electric field deviating from the transmitted electric field is gradually not satisfied, resulting in a gradual decrease in the hysteresis width, and eventually the stable state disappears. Thus it can be seen that the relaxation time of graphene has a great advantage in manipulating the hysteresis width and threshold of optical tristability. However, it is noteworthy that the relaxation time of graphene is not easily controlled. Once the sample is prepared, its value is not easy to regulate any more.
In order to further research and understand the characteristics of multistability, we also discussed the influence of dispersion characteristic of the dielectric slab on the optical tristability, as shown in Figure 4 . We showed the effect of changes of dielectric constant and the thickness on the optical tristability, respectively. We can see from Figure 4 (a) that there is an obvious difference on the effect of dielectric constant on the two hysteresis widths. With the increase of dielectric constant, the second hysteresis width Δ| | = | | 2up − | | 2down can be enhanced, but the first hysteresis width Δ| | = | | 1up − | | 1down can be obviously suppressed. This parameter plays a key role in designing optical multistable devices when the hysteresis width is needed to be controlled. Apart from dielectric constant, the thickness of dielectric slab has similar effect on the optical tristability; it is found that the increase of thickness of dielectric slab can inhibit the second hysteresis width: Δ| | = | | 2up −| | 2down ; at the same time, the first hysteresis width Δ| | = | | 1up − | | 1down will be obviously increased. The parameters of the structure provide more flexible choices for hysteresis characteristic of optical multistability.
It is known that that the phenomenon of multistability of the structure is strongly related to the third-order nonlinear conductivity of graphene. The threshold value of optical multistability not only closely relates to the third-order nonlinear conductivity of graphene but also directly influences the practical application of optical multistability devices. Therefore, it is necessary to reduce the threshold value as low as possible. Based on the above, we consider a pathway to further reduce the threshold of optical multistability on the structure of Figure 1 . In order to realize the further decrease of threshold of optical tristability, we embed the monolayer graphene and combine appreciate parameters; the results are shown in Figure 5 . At the new structure, we set the Fermi energy of graphene = 0.8 eV and the relaxation time of graphene = 1.5 ps; the constants of dielectric slab 1 and dielectric slab 2 are set as 11.9 and 3.84, respectively. The situation of double-layered graphene has been shown in the figure as well. In contrast, it is found that the typical phenomenon of optical tristability can also occur under the novel structure. However, compared with the double-layered graphene, the threshold of hysteresis response is significantly reduced. The phenomenon not only indicates the advantage of reducing the threshold of optical bistability and optical tristability owing to the increase of graphene layers but also provides a feasible way for realizing optical multistability. 
Conclusions
In conclusion, we theoretically investigated the flexible and controllable optical tristability in the simple structure of monolayer graphene covering both sides of the dielectric slab. It is found that the optical tristability can occur in the structure by selecting appropriate parameters. The key to generating optical tristability is the huge third nonlinear conductivity of graphene. We can flexibly manipulate hysteretic response characteristic optical tristability by tuning the dispersion parameters of graphene. Furthermore, we have simply verified embedding monolayer graphene in the structure; not only can we create conditions for achieving optical multistability but also we can further reduce the optical tristable threshold by combining suitable structural parameters. We believe that simple and controllable optical tristability and optical multistability have a potential application in optical switch, optical limiting, and other optical devices.
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